In this work, we consider parabolic models with dynamic boundary conditions and parabolic bulksurface problems in 3D. Such partial differential equations based models describe phenomena that happen both on the surface and in the bulk/domain. These problems may appear in many applications, ranging from cell dynamics in biology, to grain growth models in polycrystalline materials. Using Difference Potentials framework, we develop novel numerical algorithms for the approximation of the problems. The constructed algorithms efficiently and accurately handle the coupling of the models in the bulk and on the surface, approximate 3D irregular geometry in the bulk by the use of only Cartesian meshes, employ Fast Poisson Solvers, and utilize spectral approximation on the surface. Several numerical tests are given to illustrate the robustness of the developed numerical algorithms.
Introduction
The parabolic models with dynamic boundary conditions and parabolic bulk-surface models can be found in a variety of applications in fluid dynamics, materials science and biological applications, see for example, [4, 6, 8, 9, 10, 13, 18, 20] . In many of these problems, partial differential equations (PDE) based models are used to capture dynamic phenomena that occur on the surface of the domain and in the bulk/domain. For instance, cell polarizations can be modeled by the switches of Rho GTPases between the active forms on the membrane (surface) and inactive forms in the cytosol (bulk) [10] . Another example is the modeling of the receptor-ligand dynamics, [13] , to name a few examples here.
In the current literature, there are only few numerical methods developed for such problems, and most of the methods are finite-element-based. For instance, a novel finite element scheme is proposed and analyzed for 3D elliptic bulk-surface problems in [12] , where polyhedral elements are constructed in the bulk region, and the piecewise polynomial boundary faces serve as the approximation of the surface. The method in [12] employs two finite-element spaces, one in the bulk, and one on the surface. See also the review paper [11] on the finite element methods for PDEs on curved surfaces and the references therein. Also, space and time discretizations of 2D heat equations with dynamic boundary conditions are studied in [17] , in a weak formulation that fits into the standard variational framework of parabolic problems. A flexible unfitted finite element method (cut-FEM) is proposed for 3D elliptic bulk-surface problems in [5] . The developed cut-FEM utilizes the same finite element space defined on a structured background mesh to solve the PDEs in the bulk region and on the surface. Another space-time cut-FEM approach, with continuous linear elements in space and discontinuous piecewise linear elements in time, is designed for 2D parabolic bulk-surface problems on time-dependent domains in [16] . Furthermore, a hybrid finite-volume-finite-element method is developed for 3D bulk-surface models in [7] . The hybrid method employs a monotone nonlinear finite volume method in the bulk, and the trace finite element method [21, 22] is used to solve equations on the reconstructed polygonal approximation of the surface.
In this work, we develop novel numerical algorithms for 3D models with dynamic boundary conditions and bulk-surface coupling, within the framework of Difference Potentials method (DPM). The constructed numerical schemes efficiently and accurately handle the coupling of the models in the bulk and on the surface, approximate 3D irregular geometry in the bulk by the use of only Cartesian grids, employ Fast Poisson Solvers, and apply spectral approximation on the surface.
The paper is organized as follows. In Section 2, we discuss the two distinct yet related model problems that are considered in the current work, the parabolic model with dynamic boundary condition and parabolic bulk-surface problem in 3D. Next, in Section 3, we develop numerical methods based on Difference Potentials for these problems, and give the main steps of the constructed numerical algorithms. Lastly, in Section 4, we present the extensive numerical results (convergence, 3D views of the solutions, etc.) that show the robustness of the developed algorithms.
The Model with Dynamic Boundary Condition and Bulk-Surface Problem
In this work, we consider the following two models in 3D: [17, 25] ),
Heat equation with dynamic boundary condition on the surface (see related examples in
u(x, y, z, 0) = u 0 (x, y, z), (x, y, z) ∈ Ω ∪ Γ.
The bulk-surface problem (see related examples in [13, 16] ),
−n · ∇u = h(u, v), (x, y, z, t) ∈ Γ × R + ,
u(x, y, z, 0) = u 0 (x, y, z), (x, y, z) ∈ Ω,
v(x, y, z, 0) = v 0 (x, y, z), (x, y, z) ∈ Γ.
In the above models, Γ is a smooth boundary/surface of a bounded domain/bulk Ω ⊂ R 3 , ∆ Γ is the LaplaceBeltrami operator defined on Γ, n denotes the outward unit normal vector. The function h(u, v) is the coupling relation between the bulk and the surface, and g in (2) or (6) is the source function on the surface. The initial data for the model (1)- (2) is given by function u 0 (x, y, z), (x, y, z) ∈ Ω ∪ Γ and the initial data in (4)- (6) are given by functions u 0 (x, y, z), (x, y, z) ∈ Ω and v 0 (x, y, z), (x, y, z) ∈ Γ.
Algorithms Based on DPM
The current work is a continuation of the recent work in [2, 3, 14, 19] . For the time being, we will consider the model with dynamic boundary conditions and the bulk-surface problem in a spherical domain, but the proposed methods can be extended to domains with more general geometry in 3D (and the main ideas of the algorithms will stay the same). We employ a finite-difference scheme for the underlying space discretization of the models in the bulk (1) or (4), combined with the idea of Difference Potentials Method (DPM) ( [24] and very recent work [2, 3, 14, 15, 19, 23] , etc.) that provides flexibility to handle irregular domains and nontrivial boundary conditions (including, but not limited to, dynamic boundary conditions like (2), or surface equations like (6)) accurately and efficiently.
The Numerical Algorithm Based on DPM Discretization in the Bulk:
Introduction of the Auxiliary Domain. As a first step of the numerical algorithm, we embed the original domain Ω into a computationally simple auxiliary domain Ω 0 ⊂ R 3 , that we will select to be a cube in this work. Next, we introduce a Cartesian mesh to discretize the auxiliary domain Ω 0 , with mesh nodes
is the left-bottom corner point of the cubical auxiliary domain Ω 0 . For simplicity, we assume that the Cartesian mesh is uniform, i.e., h := ∆x = ∆y = ∆z. To discretize the PDE (1) or (4) in the bulk, with a second order accuracy in space, we will consider the standard 7-point finite-difference stencil with a center placed at the point (x j , y k , z l ):
Next, we define the important point sets that we will use as a part of the Difference Potentials framework (see Fig. 1 ):
Definition 3.1. Introduce the following point sets:
denotes the set of all mesh nodes (x j , y k , z l ) that belong to the interior of the auxiliary domain Ω 0 ;
∈ Ω denotes the set of all mesh nodes (x j , y k , z l ) that belong to the interior of the original domain Ω;
\Ω} is the set of all mesh nodes (x j , y k , z l ) that are inside of the auxiliary domain Ω 0 , but belong to the exterior of the original domain Ω;
The point sets N ± and N 0 are the sets of all mesh nodes covered by the stencil N 7
for every mesh node (x j , y k , z l ) in M ± and M 0 respectively; • γ in = M + ∩ γ and γ ex = M − ∩ γ are subsets of the discrete grid boundary that lie inside and outside of the spherical domain Ω respectively.
Construction of the System of Discrete Equations for Models (1) and (4).
In this work, we will use the trapezoidal time stepping to illustrate the approach based on Difference Potentials for the models with dynamic boundary conditions and for the bulk-surface problems. In general, any other stable time marching scheme can be employed in a similar way.
For the spatial discretization, we will employ the second-order finite-difference scheme using the 7-point stencil N 7 j,k,l as defined above. Assume now, that u i j,k,l denotes a discrete solution computed at the time level t i at the mesh node (x j , y k , z l ). Then, the discrete system of equations for (1) and (4) obtained using trapezoidal time approximation combined with the second-order central finite-difference approximation in space is,
where, we introduced the discrete linear difference operator L h,∆t ≡ ∆ h − σI with σ = 2/∆t, ∆ h -the discrete Laplace operator defined on point set M + , I-the identity matrix of the same size as ∆ h , the right-hand side function F i+1
, and u i+1
The Discrete Auxiliary Problem (AP). One of the important steps of DPM-based methods is the introduction of the auxiliary problem (AP). The discrete APs play a key role in construction of the Particular Solution and the Difference Potentials operators as a part of DPM-based algorithm proposed in this work.
Definition 3.2. At time t i+1
, given the grid function q i+1 on M 0 , the following difference equations (11)- (12) are defined as the discrete Auxiliary Problem (AP):
Here, the discrete linear operator L h,∆t = ∆ h − σI is the linear operator similar to the one introduced in (10), but is defined now on a larger point set M 0 . (12) 
Remark 1. The homogeneous Dirichlet boundary condition

Construction of the Particular Solution. Let us denote by
, (x j , y k , z l ) ∈ N + , the Particular Solution of the fully discrete problem (10) . The Particular Solution is defined on N + at time level t i+1 , and is obtained by solving the AP (11)- (12) with the following right hand side:
and by restricting the computed solution from N 0 to N + .
Construction of the Difference Potentials and Boundary Equations with Projections.
To construct the Difference Potentials, let us first define a linear space W γ of all grid functions w i+1 γ (x j , y k , z l ) at t i+1 on γ. The functions are extended by zero to other points in N 0 set. These grid functions w i+1 γ are called densities on the discrete grid boundary γ at the time level t i+1 . 
and by restricting the solution from N 0 to N + . Next, we will introduce the trace operator. Given a grid function w i+1 defined on the point set N + , we denote by Tr γ w i+1 the trace or restriction of w i+1 from N + to the discrete grid boundary γ. Similarly, we define Tr γ i n w i+1 as the trace or restriction of w i+1 from N + to γ in ⊂ γ. We are ready to define an operator
γ . The operator P γ is a projection operator. Now, we will state the key theorem for Difference Potentials Method, which allows us to reformulate the difference equation (10) defined on M + into equivalent Boundary Equations with Projections (BEP) defined on the discrete grid boundary γ only. 
where
is the trace of the Particular Solution on the discrete grid boundary γ.
Proof. See [24] or [14] .
Remark 2. Note, using that Difference Potential is a linear operator, we can recast (15) as
where m is the index of a grid point in the set γ, and G h,∆t F i+1 m is the value of the Particular Solution at the grid point with index m in the set γ. Proof. The proof follows the lines of the proof in [14, 24] , and we will present it below for reader's convenience. If the density u i+1 γ e x on γ ex to the difference equation (10) is given, then such discrete system will admit a unique solution u i+1 j,k,l defined on a set N + . Hence, the BEP (15) will have a unique solution, if
γ e x is given. Thus, the solution u i+1 γ to BEP (15) has dimension |γ ex |, which is the cardinality of set γ ex . As a consequence, the BEP (15) has rank |γ| − |γ ex | = |γ in |.
Next, we introduce the reduced BEP (17) defined only on γ in that can be shown to be equivalent to the BEP (15) defined on γ. 
Moreover, the reduced BEP (17) contains only linearly independent equations.
Proof. The proof follows the lines of the proof in [14, 24] and we will present it below for reader's convenience. First, define the grid function:
where P i+1 is a solution to the AP (11)- (12) on N 0 with right hand side (14) using density u i+1 γ , G i+1 is a solution to the AP (11)- (12) on N 0 with right hand side (13) , and u i+1 γ is extended from γ to N 0 by zero. By the construction of Φ i+1 , one can see that Φ i+1 is a solution to the following difference equation:
Therefore, we conclude that Φ i+1 solves the following homogeneous difference equations on the set M − :
Additionally, by construction of functions Φ i+1 , P i+1 and G i+1 , the grid function Φ i+1 satisfies the following boundary condition:
Next, observe that the BEP (15) and the reduced BEP (17) can be reformulated using grid function Φ i+1 in (18) as follows:
and
Hence, it is enough to show that (22) is equivalent to (23) to prove the equivalence between the BEP (15) and the reduced BEP (17) . First, note that if (22) is true, then (23) is obviously satisfied. Now, assume that (23) is true and let us show that (22) holds. Consider problem (20) : L h,∆t Φ i+1 = 0 on M − , subject to boundary conditions (21) and (23), since the set γ in ∪ (N 0 \M 0 ) is the boundary set for set M − . Then we have the following discrete boundary value problem:
which admits a unique zero solution: Φ i+1 = 0 on M − . Since γ ex ⊂ M − , we conclude that Φ i+1 = 0 on γ ex , as well as on γ ≡ γ ex ∪ γ in , which shows that (23) implies (22) . Thus, we showed that (22) is equivalent to (23) , and therefore, BEP (15) is equivalent to the reduced BEP (17) . Moreover, due to Proposition 3.2, the reduced BEP (17) consists of only linearly independent equations.
Similarly to (15) - (16), the reduced BEP (17) can be recast as
Remark 3. The BEP (15) or (17) reduces degrees of freedom from O(h −3 ) in the difference equation (10) to O(h −2 ). In addition, the reduced BEP (17) defined on γ in reduces the number of equations in BEP (15) by approximately one half, since |γ in | ≈ |γ|/2. Thus, using the reduced BEP (17) will further improve the computational cost in our numerical algorithm, especially in 3D, and we will use the reduced BEP as a part of the proposed numerical algorithm.
Additionally, let us note that the BEP (15) or the BEP (17) will admit multiple solutions since the system of equations (15) (and hence (17)) is equivalent to the system of difference equations (10) without imposed boundary conditions yet. Therefore, to construct a unique solution to BEP (17), we need to supply the BEP (17) with either the dynamic boundary condition (2), or the coupling conditions on the surface (5)- (6) . To impose these conditions efficiently into BEP, we will introduce the extension operator (28) and combine (28) with the spectral approach discussed below for the approximation of the boundary conditions/surface equations.
Definition 3.4. The extension operator
where n is the unit outward normal vector on Γ, d is the signed distance between a point (x j , y k , z l ) ∈ γ and the point of its orthogonal projection (x, y, z) on the continuous boundary Γ in the direction of n.
Basically, the extension operator (28) defines values of π γΓ [u i+1 ] at the point of the discrete grid boundary (x j , y k , z l ) ∈ γ with the desired accuracy through the values of the continuous solution and its gradients at time t i+1 at the continuous boundary Γ of the domain. In particular, we consider the extension operator (28) defined in (x j , y k , z k ) ∈ γ in when we solve the reduced BEP (17) .
Discretization on the Surface:
Here, for simplicity, we assume that the surface Γ is a sphere with radius R. However, the proposed numerical algorithms can be extended to more general smooth domains and, hence, more general surfaces, and the main steps of the methods will stay the same. (2) . We will use trapezoidal in time scheme for (2), but other time discretizations can be employed as well. Since, in this work Γ is a sphere, we have that the normal derivative satisfies,
Case 1: Dynamic Boundary Conditions
where n is the unit outward normal vector and r is the variable radius in the spherical coordinates, and similarly, u nn = u rr . The discrete in time dynamic boundary condition (2) is
for (x, y, z) ∈ Γ. Here, u i+1 (x, y, z) is an approximation in time of u(x, y, z, t i+1 ), and g i+1 (x, y, z) is an approximation of g(x, y, z, t i+1 ) at time level t i+1 . Also, note that, the Laplace-Beltrami operator on the sphere Γ with a radius R at time t i+1 can be obtained as,
where (θ, ϕ) are the polar and azimuthal angles for a point (x, y, z) ∈ Γ. Next, from (30), we can express the term u i+1 r (x, y, z) as,
, (x, y, z) ∈ Γ, where σ = 2/∆t as before, and u i t (x, y, z) denotes the time derivative of u(x, y, z, t) at time level t i ,
We assume that u 0 t (x, y, z) is known initially, since u 0 (x, y, z) and g 0 (x, y, z) are known at the initial time. Note, that the time derivative u i+1 t (x, y, z) at the next time level t i+1 , can be updated efficiently using the following formula (consequence of (2) and (30)),
once we have computed u i+1 (x, y, z) at time level t i+1 .
Spectral Approach. To combine extension operator (28) accurately and efficiently with dynamic boundary condition (30) (and, hence with (32)), we will introduce the spectral approximations at each time level t i+1 of the following two terms:
where (θ, ϕ) are the polar and the azimuthal angles for a point (x, y, z) ∈ Γ.
Remark 4. Here, the number of spherical harmonics L does not depend on the underlying mesh sizes and depends on the properties of the solutions to the models. In general, number of harmonics for (35) can be different than number of harmonics for (36) (depends on the regularity).
Here, for simplicity, we assume the same number of harmonics for (35) and (36). Now, combining relations (32) and (35)- (36) with the extension operator (28), we obtain
where a i+1 is the vector of the unknown spectral coefficients a i+1 κ , b i+1 is the vector of the unknown spectral coefficients b i+1 κ and c i+1 is the vector of known values, d(σu i (x, y, z) + g i+1 (x, y, z) + u i t (x, y, z)) (d is the signed distance from the point (x j , y k , z l ) in γ to its foot point (x, y, z) on the continuous boundary Γ). The coefficient matrices A and B are assembled using the basis functions, i.e.,
where m is the index that represents a point in γ, and (θ m , ϕ m ) are the polar and azimuthal angles for the foot point (x, y, z) ∈ Γ of a point m in γ. Note, A and B are assembled using whole point set γ. However, only the rows corresponding to γ in will be used in our algorithm when we solve the reduced BEP (17).
Remark 5.
Note that ∆ Γ u i+1 depends on the coefficients a i+1 κ , due to representations (31) and (35) (the derivatives of the basis functions
κ ∂ϕ 2 can be obtained using recursive formula for basis functions, [1] ).
Case 2: Bulk-Surface Coupling (5)- (6) . As for the bulk-surface problems, we assume here that the surface Γ is also a sphere with radius R, and thus, the Laplace-Beltrami operator ∆ Γ at time t i+1 is computed as in (31). Again, the first order normal derivative is computed as u n (x, y, z, t) ≡ ∇u(x, y, z, t) · n = u r (x, y, z, t) for
To discretize in time equation on the surface (6), we will use trapezoidal in time scheme as it is used in the bulk (10) . The discrete in time surface equation is (as a result of (6)):
Note that, to compute the term v i t efficiently, we use the formula,
which is consequence of the discretization (42) and (6) . Moreover, since from (5), we have that h(u i+1 , v i+1 ) = −u i+1 r , we obtain the following expression for u i+1 r ,
where as before, σ = 2/∆t. a) Linear Bulk-Surface Coupling. For simplicity, we first consider case of linear coupling function h(u, v) in (5) similar to, for example, [5] and [12] ,
Since h(u i+1 , v i+1 ) = u i+1 − v i+1 at time level t i+1 , and using equation (42), we have that,
Spectral Approach. Similarly to model with dynamic boundary conditions, to couple accurately and efficiently discretization of the bulk equations, hence, the reduced BEP (17) with the discretization of the surface equation (6) combined with coupling function (45), we will employ idea of extension operator (28) together with the spectral approximation of the functions v i+1 (x, y, z) and
, (x, y, z) ∈ Γ at each time level t i+1 .
Hence, for the density u i+1 γ , we combine the extension operator (28) together with relations (44)- (46), to obtain:
where (x, y, z) ∈ Γ is the foot point of a point (x j , y k , z l ) in the discrete grid boundary γ, and d is the signed distance from a point (x j , y k , z l ) in γ to its foot point (x, y, z) ∈ Γ.
Next, similarly to the approximation of the dynamic boundary conditions, to construct density u i+1 γ efficiently for the bulk model (4), we assume spectral approximations of the terms v i+1 (x, y, z) and
in the extension operator (48), i.e.,
where θ and ϕ are the polar and the azimuthal angles of the point (x, y, z) ∈ Γ. Then, after we replace replace v i+1 and
in (48) using the spectral approximations above, the approximation to the extension operator (48) is given by,
where a i+1 , b i+1 are the vectors that store the unknown spectral coefficients, and c i+1 denotes the known term:
The coefficient matrices A and B are computed as,
Here m is the index that represents a point in γ, and (θ m , ϕ m ) are the polar and azimuthal angles for the foot point (x, y, z) ∈ Γ of a point m in γ. Similarly, matrices A and B are assembled using the whole point set γ, but only the rows corresponding to the γ in set will be used in our algorithm to solve the reduced BEP (17) . b) Nonlinear Bulk-Surface Coupling. Here, we consider the example of nonlinear coupling function h(u, v) in (5), similar to, for example, [13] ,
And, as before, at time level t i+1 , we will have u i+1 v i+1 = −u i+1 r .
Spectral Approach. Similar to model with linear bulk-surface coupling (45), to couple accurately and efficiently discretization of the bulk equations, hence, the reduced BEP (17) with the discretization of the surface equation (6), we will employ idea of extension operator (28) together with the spectral approximation of the functions v i+1 (x, y, z), u i+1 (x, y, z) and
, (x, y, z) ∈ Γ at the time level t i+1 , i.e.,
where, as before, (θ, ϕ) are the polar and the azimuthal angles of the point (x, y, z) ∈ Γ. Then, the extension operator (28) becomes,
(59)
(60)
where the coefficient matrices A, B, C for the unknown spectral coefficients a i+1 , b i+1 , c i+1 are computed as,
Here, m is the index that represents a point in γ, and (θ m , ϕ m ) are the polar and azimuthal angles for the foot point (x, y, z) ∈ Γ of a point m in γ. The vector d i+1 in (62) represents the known quantity,
and is computed at the same foot point (x, y, z) ∈ Γ of a point m in γ. Again, matrices A, B and C are assembled for the entire point set γ, but only the rows corresponding to the γ in set will be used to solve the reduced BEP (17) .
Linearization of the nonlinear coupling (55). To efficiently combine the coupling equation (55) with the BEP (17) and with the discretization of the surface equation (42), we will consider linearization of (55) at time level t i+1 . To linearize, we replace v i+1 (x, y, z) in (55) at the time level t i+1 by the following approximation in time
where ∆t = O(h). Then, the linearization of (55) gives us,
where v i t term is computed via the relation (43). Note, that using (44) together with spectral approximation in (56)-(57), we can formulate coupling relation (55) at t i+1 as,
The expression (72) gives the linear relation between unknown spectral coefficients a i+1 κ and c i+1 κ . Here, the matrices A and C are defined as,
Here, (θ m , ϕ m ) corresponds to the angles of the foot point (x, y, z) ∈ Γ of a point m in γ in (since we employ the reduced BEP), and v i + ∆tv i t is the corresponding value for the same foot point m. Remark 6. One possible improvement is to approximate v i+1 in (55) at t i+1 using the following higher order in time approximation:
where v i tt (x, y, z) can be approximated using the finite difference approximation in time. Reconstruction of the Solutions at time t i+1 : Case 1: Dynamic Boundary Conditions. Next, we use the reduced BEP (17) combined with the approximation of the extension operator in the form (39), to obtain the least squares (LS) system of dimension |γ in | × (2L) for the unknown spectral coefficients a i+1 and b i+1 ,
After that, we solve for the unknown spectral coefficients a i+1 and b i+1 , using the normal equation of the reformulated BEP (76).
Case 2: a) Linear Bulk-Surface Coupling. Similarly to the model with dynamic boundary conditions, we combine the reduced BEP (17) and the approximation of the extension operator in the form (51), to obtain the LS system of dimension |γ in | × (2L) for the unknown spectral coefficients a i+1 and b i+1 ,
Again, we solve for the unknown spectral coefficients a i+1 and b i+1 using the normal equation of the reformulated BEP (77).
Case 2: b) Nonlinear Bulk-Surface Coupling.
Similarly to the model with dynamic boundary conditions and bulk-surface model with linear coupling, we combine the reduced BEP (17), the approximation to the extension operator in the form (62) and the coupling condition (72), to obtain the LS system of dimension 2|γ in | × (3L) for the unknown spectral coefficients a i+1 , b i+1 and c i+1 ,
Similarly, we solve for the unknown spectral coefficients a i+1 , b i+1 and c i+1 , using the normal equation of the LS system (78)-(79).
Remark 7. For the LS system in Case 1, Case 2: a) and Case 2: b) described above, the normal equations reduce the computational cost significantly, since |γ in | L. As for the condition number of the normal matrix, it can be reduced to the magnitude of approximately 10 2 on all meshes when one, for example, uses a simple preconditioner based on the maximum value in the column scaling in the LS system.
Once we get the spectral coefficients (see Case 1, Case 2: a) and Case 2: b)), we will be able to reconstruct (i) the solutions u i+1 (x, y, z) or v i+1 (x, y, z) for (x, y, z) on the surface at the time level t i+1 using the spectral approximations; and (ii) the density u i+1 γ at time level t i+1 using (39) (dynamic boundary conditions), (51) (bulk-surface model with linear coupling), or (62) (bulk-surface model with nonlinear coupling). Finally, the approximated solution u i+1 j,k,l , (x j , y k , z l ) ∈ N + to the model (1)-(3) or (4)-(8) at the time level t i+1 is obtained using the discrete generalized Green's formula (80) below.
Discrete Generalized Green's Formula. The final step of DPM is to use the computed density u i+1 γ to construct the approximation to the continuous solution in the bulk of the model (1)-(3) , or of (4)- (8) .
Proposition 3.4 (Discrete Generalized Green's formula.). The discrete solution
is the approximation to the exact solution u at (x j , y k , z l ) ∈ Ω at time t i+1 of the continuous model (1)- (3), or of (4)- (8) . We also conjecture that we have the following accuracy of the proposed numerical scheme, Construct the Particular Solution G h,∆t F i+1 j,k,l on N + using the discrete AP 19:
Remark 8. The accuracy (81) is observed in all numerical experiments presented in Section 4. The reader can consult [24] for the detailed theoretical foundation of DPM.
Algorithm 1 An Outline of Main Steps of the DPM-based Algorithm
Solve the BEP for the unknown spectral coefficients using the normal equations 20:
Reconstruct the density u i+1 γ using extension operator (39) for Case 1, (51) for Case 2: a), or (62) for Case 2: b) 21:
Obtain bulk solution u i+1 using the discrete generalized Green's formula (80), and surface solution u i+1 or v i+1 using the spectral approximation 22:
Update and march in time 23: end while
Remark 9. For the normal equations, the inverse of the normal matrix can be precomputed outside of the time loop for Case 1 and Case 2: a), for example, using Cholesky decomposition. For Case 2: b), the normal matrix needs to be assembled at each time step since C is updated at each time level. However, if the size of the normal matrix is large, for efficiency, one can exploit the block structures of the normal matrix and update only the blocks associated with C at each time step.
Numerical Results
In this section, we illustrate setup of the numerical tests and present the numerical results (errors and convergence rates, 3D views of the bulk/surface solutions, etc.) for the models with dynamic boundary condition (BC) (1)- (3), and for the bulk-surface problems (4)- (8) . In this work, we restrict our discussion to a spherical domain with radius R centered at the origin. For a general domain in 3D, the proposed algorithms can be extended in a straightforward way, for example, by selections of a different set of basis functions, which will be reported in future work.
Setup of Numerical Tests
The auxiliary domain is chosen to be a cube, i.e.,
Then, the auxiliary domain is discretized using meshes of dimension N × N × N and the grid spacing of the mesh is h = 2(R + R/5)/N. We adopt the notation N × N × N for meshes throughout this numerical section. Note that, other choices of the auxiliary domains will also work.
For the basis functions φ κ (θ, ϕ), we use the following spherical harmonics:
where Y m (θ, ϕ) is the spherical harmonic function of degree and order m. For the index κ in φ κ (θ, ϕ), it is related to ( , m), i.e.,
The total number of spherical harmonics used in the tests is determined by the exact solutions u(x, y, z, t) and v(x, y, z, t) on the boundary Γ. Generally, the spectral coefficients of the spherical harmonic basis functions for the initial data of u and v can be computed. This helps to determine the degree and the order of the spherical harmonics to be included in the spectral approximations. Thus, the total number of harmonics used in the numerical tests is independent of the grid spacing h. The only constraint on the number of the harmonics is that, the total number of unknown spectral coefficients in the BEPs ((76) for Case 1, (77) for Case 2: a), and (78) for Case 2: b)) is much less than |γ in |. Generally, this condition is easily satisfied due to the abundance of mesh nodes in γ in in 3D, and the relative small number of basis functions required to resolve u and v on the boundary.
In all the numerical tests in this section, we set the final time to be T = 0.1. For the time approximation of the models, we adopt the second-order trapezoidal scheme, and we use the time step ∆t = h, since we consider the second-order approximation in space. There is no particular reason of the choice of the trapezoidal rule, and other second-order implicit time stepping techniques can also be employed. For example, one can use the second-order implicit Runge-Kutta scheme, and the numerical results will not be significantly different from the ones obtained with the trapezoidal rule.
The Bulk/Surface Errors
The approximation to the ∞-, L 2 -and H 1 -norm errors in the bulk are computed using the following formulas respectively:
denotes also the numerical approximation to the exact solution at time t i using grid spacing h. Also, 1 M + is the characteristic function for the point set M + . Additionally, we consider the ∞-norm error for the components in the gradient of the bulk solution u i j,k,l at time level t i . For example, the ∞-norm error of the x-component can be computed using the following formula:
and the errors in y, z-components are computed similarly. The approximations to the ∞-, L 2 -norm and H 1 -norm errors on the surface are computed using the following formulas respectively: Table 1 : Convergence of the ∞-, L 2 -and H 1 -norm errors of the solutions in the bulk/surface, and the ∞-norm errors of the gradients in the bulk for the dynamic BC model (1)- (3) with exact solution u = e t (x 2 +2y 2 +3z 2 ) until final time T = 0.1 in the sphere of R = 0.5. The number of spherical harmonics for terms u and u rr is 9 per each term.
denotes also the numerical approximation of the exact solution at time t i . The increments in the discretization of θ and ϕ are ∆θ and ∆ϕ respectively. Moreover, in (90), we require sin θ j 0. For the surface errors of the model (1)- (3) with dynamic boundary condition, one simply replaces v with u in the formulas (88)-(90).
Note that, for all the ∞-, L 2 -and H 1 -norm errors in space, the ∞-norm is taken in time.
Dynamic Boundary Conditions
In this subsection, we present the numerical results for models (1)- (3) with dynamic boundary conditions in a spherical domain with radius R = 0.5.
Test 1
For the first test, we employ the exact solution u(x, y, z, t) = e t (x 2 + 2y 2 + 3z 2 ). The consideration of such a test problem is that it offers both simplicity and asymmetry in space.
In Table ( 1), we observe that in the bulk, the L 2 -norm errors are smaller than the ∞ errors, which is as expected. However, on the surface, the L 2 -norm errors are larger than the ∞-norm errors. This can be (1)- (3) with the exact solution u = e t (x 2 + 2y 2 + 3z 2 ) in the sphere of R = 0.5.
explained by the following estimate of the L 2 -norm errors:
We observe the overall second-order convergence in all norms of the errors for solutions, both on the surface and in the bulk. Note that, the ∞-norm errors of the gradients in the bulk also obey the second-order convergence, as well as the H 1 -norm errors in the bulk and on the surface. In Fig. 2 , we observe that the behavior of the L 2 -and H 1 -norm errors are very similar in the bulk and on the surface. Besides, the errors in the bulk are smaller than the errors on the surface in both norms. Also, as already mentioned, the H 1 -norm errors give the second-order convergence, as opposed to the results obtained, for example, from the finite element method, e.g., [16] . Moreover, the errors are far below the reference dashed lines, which implies a small error constant in (81). In Fig. 3 , we show the 3D isosurface plots (analogous to the contour plots in 2D) in the top figure and the plot of surface solution in the bottom figure, obtained using mesh 255 × 255 × 255 at the final time T = 0.1.
Test 2
In this subsection, we use the exact solution u(x, y, z, t) = e t sin(x) sin(2y) sin(3z). Compared to the first test, this choice of test is more oscillatory and requires a larger number of spherical harmonics to resolve u and (1)- (3) with the exact solution u = e t (x 2 + 2y 2 + 3z 2 ) in the sphere of R = 0.5. Table 2 : Convergence of the ∞-, L 2 -and H 1 -norm errors of the solutions in the bulk/surface, and the ∞-norm errors of gradients in the bulk for the dynamic BC model (1)- (3) with the exact solution u = e t sin(x) sin(2y) sin(3z) until final time T = 0.1 in the sphere of R = 0.5. The number of spherical harmonics for terms u and u rr is 400 per each term.
u rr accurately on the boundary Γ. Nevertheless, the total number of harmonics is still much less than |γ in |, see Table 2 , for example.
In Table 2 , again we observe second-order accuracy in all norms of the solutions in the bulk and on the surface.
Similarly, in Fig. 4 , the errors in the bulk are smaller than the errors on the surface. In Fig. 5 , we give the 3D isosurface plots in the top figure and the plot of surface solution in the bottom figure, obtained using mesh 255 × 255 × 255 at final time T = 0.1.
Linear Bulk-Surface Coupling
In this subsection, we present the numerical results for the model (4)- (8), with linear bulk-surface coupling, i.e., h(u, v) = u − v in a spherical domain of radius R = 1. In particular, the exact solutions u(x, y, z, t) = e t e −x(x−1)−y(y−1) and v(x, y, z, t) = e t e −x(x−1)−y(y−1) (1 + x(1 − 2x) + y(1 − 2y)) are such that the coupling condition (5) is satisfied exactly on the surface (the test is modification of the tests from [5, 12] ). Additionally, we provide numerical results to compare with the ones obtained using the cut finite element method in [5] . [5] are not precise, since the exact solutions u(x, y, z) = e −x(x−1)−y(y−1) and v(x, y, z) = e −x(x−1)−y(y−1) (1 + x(1 − 2x) + y(1 − 2y)) in [5] are considered for the elliptic type bulk-surface problems. Nevertheless, we add e t in the exact solutions and take the ∞-norm errors in time, in the hope to discuss the difference and similarity between the two approaches.
Remark 10. We should note that the comparisons between the DPM-based method in this work and the cut-FEM approach in
In Table 3 , we observe second-order accuracy for all norms of the solutions in the bulk and on the surface, together with the second-order accuracy in the components of the gradients. The relative larger errors of L 2 -norm on the surface, compared to the ∞-norm, again can be similarly explained by the inequalities (91)-(94).
In Fig. 6 , we observe second-order convergence for both the L 2 -and H 1 -norm errors in the bulk and on the surface. In contrast, the bulk/surface H 1 -norm errors in the cut finite element approach [5, Fig. 4] (1)- (3) with the exact solution u = e t sin(x) sin(2y) sin(3z) in the sphere of R = 0.5. Table 3 : Convergence of the ∞-, L 2 -and H 1 -norm errors of the solutions in the bulk/surface, and the ∞-norm errors of gradients in the bulk for the model (4)- (8) only first order accurate. Furthermore, compared to [5, Fig. 4 ], the approach based on DPM in this work gives much smaller L 2 -norm errors both in the bulk and on the surface. In the meantime, we notice that in Fig. 6 , the errors on the surface are smaller than the errors in the bulk, which is different from the results of the models with dynamic boundary conditions, see Figs. 2 and 4. Nevertheless, the second-order convergence rates are recovered in all cases.
In Fig. 7 , we illustrate the solution via the 3D isosurface plots in the top figure and the plot of the surface solution in the bottom figure, obtained on mesh 255 × 255 × 255 at final time T = 0.1. The bottom figure in Fig. 7 can also be compared to [5, Fig. 3] . In this work, we are able to recover a better resolution of the solution on the surface using the DPM-based algorithms.
Nonlinear Bulk-Surface Coupling
In this subsection, we demonstrate the numerical results for the models (4)- (8) with nonlinear bulk-surface coupling h(u, v) = uv in the spherical domain of radius R = 1. The considered model is motivated by the examples of the nonlinear bulk-surface coupling from [13, 16] .
Test 1 for Nonlinear Coupling
As a first test here, we consider the exact solutions u(x, y, z, t) = e t e −x(x−1)−y(y−1) in the bulk and v(x, y, z, t) = e t e −x(x−1)−y(y−1) (1 + x(1 − 2x) + y(1 − 2y)) on the surface. The motivation to use the same exact solutions as in the linear coupling is that, we can compare the performance of the algorithm for linear/nonlinear bulk-surface coupling and test the robustness of the numerical algorithm based on DPM.
Note that, we do not have exact nonlinear coupling as in (5) if we use the above exact solutions. Instead, we need to supply a source function w in the coupling, i.e., Table 4 : Convergence of the ∞-, L 2 -and H 1 -norm errors of the solutions in the bulk/surface, and the ∞-norm errors of gradients in the bulk for the model (4)- (8) with nonlinear bulk-surface coupling. The exact solutions are u = e t e −x(x−1)−y(y−1) and v = e t e −x(x−1)−y(y−1) (1 + x(1 − 2x) + y(1 − 2y)) until final time T = 0.1 in the sphere of R = 1. The number of spherical harmonics for terms u, v and u rr is 529 per each term, and
Here, the source function w is computed from the exact solutions u and v. The discrete version of (95) is
which can be linearized, if the term v i+1 is approximated by either the 2-term approximation (67), or the 3-term approximation (75). The errors in Table 4 correspond to 2-term approximation (67) for v i+1 . With the 2-term approximation (67), the ∞-, L 2 -, H 1 -norm errors of solutions in the bulk and ∞-norm errors of the gradients in the bulk all obey optimal second-order convergence. Meanwhile, the ∞-, L 2 -, H 1 -norm errors of the solution on the surface give sub-optimal second-order accuracy in the first few coarser meshes. However, the second-order accuracy is recovered on finer meshes, e.g., on mesh 255 × 255 × 255.
In Table 5 , we adopt the 3-term approximation (75) for the v i+1 term. There are slight improvements of the accuracy for the solutions and gradients in the bulk. In the meantime, the accuracy of the solution on the surface is improved and second-order accuracy is recovered even on coarser meshes. Note that, there are barely any added computational cost, when one switches from using 2-term approximation (67) to 3-term approximation (75) for the v i+1 term.
Moreover, the errors in the bulk and on the surface for the nonlinear bulk-surface coupling in Table 5 are very similar to the errors for linear bulk-surface coupling in Table 3 . This illustrates the robustness of the designed DPM-based algorithm. Also note that, the algorithm for nonlinear coupling is very similar to the ones for linear coupling. The only difference is that the matrix C in the least square system (79) needs to be updated and inverted at each time step, which makes it more expensive. Hence, it is advantageous to use the reduced BEPs as it is done in the current work.
Again, the plots of L 2 -and H 1 -norm errors of the nonlinear coupling in Fig. 8 are similar to the plots of errors in the linear coupling, see Fig. 6 . In Fig. 9 , there is no observable difference in the isosurface plots in the bulk and the surface plots from the plots for the linear-coupling case, obtained on mesh 255 × 255 × 255 at final time T = 0.1, see Fig. 7 . Table 6 : Convergence of the ∞-, L 2 -and H 1 -norm errors of the solutions in the bulk/surface, and the ∞-norm errors of gradients in the bulk for the model (4)- (8) with nonlinear bulk-surface coupling. The exact solutions are u = v = e t sin(x) sin(2y) sin(3z) until final time T = 0.1 in the sphere of R = 1. The number of spherical harmonics for terms u, v and u rr is 400 per each term and v i+1 ≈ v i + ∆tv i t .
Test 2 for Nonlinear Coupling
In this subsection, we employ the exact solutions u = v = e t sin(x) sin(2y) sin(3z) both in the bulk and on the surface, as the ones we use in the second test of the models with dynamic boundary conditions. Again, second order accuracy are observed in Tables 6 and 7 for the ∞-, L 2 -and H 1 -norm errors. It is also interesting to notice that for this pair of exact solutions, 2-term approximation (67) and 3-term approximation (75) of the v i+1 term give very similar convergence results, which again illustrates the robustness of the proposed DPM-based algorithms.
In Fig. 10 , we observe second order convergence of L 2 -and H 1 -norm errors both in the bulk and on the surface. Unlike the numerical results for dynamic boundary condition in Fig. 4 , the L 2 -and H 1 -norm errors in the bulk are larger than the errors on the surface in Fig. 10 , which is also observed in the first test of the nonlinear coupling in Fig. 8 , as well as in the test of linear bulk-surface coupling in Fig. 6 .
In Fig. 11 , we present the 3D views of the isosurface plots in the bulk and the plot of surface solutions, obtained on mesh 255 × 255 × 255 at final time T = 0.1. Table 7 : Convergence of the ∞-, L 2 -and H 1 -norm errors of the solutions in the bulk/surface, and the ∞-norm errors of gradients in the bulk for the model (4)- (8) 
